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1. INTRODUCTION

For any nonnegative integer m, let TTm denote the collection of all real poly­
nomials of degree at most m, and for any nonnegative integers m and n, let
TTm,n denote the collection of all real rational functions rm.n(x) of the form

_Pm(x)
rmn(x) = -()' where Pm E 7Tm and qn E 7Tn.. qn X

With this notation, let

(l.l)

Am,n == inf {sup Irm.n(x) - e-x !},
rm,nE1Tm,tI O~X<Q,)

m.;;;n, (1.2)

be the error associated with the best Chebyshev rational approximation in
7Tm•n to e-X in [0, +00). It is known ([1J, p. 55) that there exists a unique
Ym.ix) E TTm•n such that

Am.n= sup Jfm.ix) - e-xi. (1.3)
o~x<oo

In this paper, we specifically give (in §4) the value ofAo•n and An•n for °.;;; n .;;; 9
and 0.;;; n.;;; 14, respectively, along with the associated minimizing Chebyshev
rational approximations fn.ix). These Am•nandfn.ix) were determined because
they can be used in the numerical solution ofcertain heat-conduction problems,
and this is illustrated in §3. In a sense, the results of §§3 and 4 continue the
original investigation of [7J, where only AI • I and A2 •2 were given.

1 Work performed under the auspices of the U.S. Atomic Energy Commission.
2 This research was supported in part by AEC Grant AT(Il-l)-1702.
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Finally, because the computed values of Ao.n and An•n appear to decrease
geometrically (cf. Tables I and II of §4), we sought to obtain bounds for the
quantities 0'1 and 0'2 defined by

0'1 = lim (Ao,n)lln,
n->oo

and

0'2 = lim (An.n)lln.
n->oo

In §2, we establish by elementary methods the inequalities

e-a<
i ;:;;; 0'1 ;:;;; 2 = 0.43501 ....

Here, 0( stands for the real solution of the equation

2IXe2a<+ 1 = 1,

and (J. is approximately
IX = 0.13923 ....

(1.4)

(1.5)

(1.6)

(1.7)

Because 0'2 ;:;;; 0'1, (1.6) gives also an upper bound for 0'2'

The result (1.6) giving bounds for O'h is reminiscent of celebrated results of
S. N. Bernstein and J. L. Walsh on Chebyshev approximation of analytic
functions by polynomials on finite intervals (cf. [4], Theorems 75 and 76), and
by rational functions on closed bounded subsets of the complex plane cf. [8]).
In the latter case, asymptotic results for efX on -1 ;:;;; x ;:;;; + 1 are given in [5].
We do not know, however of any similar results about Chebyshev rational
approximation on infinite intervals.

2. UPPER BOUNDS FOR Am•n• LOWER BOUND FOI{' 0'1

1. From the definition in (1.2), it is clear that

In particular, for

n j

Six) == 2:~"
j~O;> J.

the nth partial sum of eX, it follows that

AO,n;:;;; max Ign(x)l,
o~ x< 00

foralln ~ O. (2.1)

(2.2)
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where gn(x) is defined by

( )
_ I -x

gn X = Sn(x) - e .

We establish

LEMMA I. For any integer n ~ 0, we have

o~ glx) ~ ~ for x~o.

Proof. Obviously,
glO) =0.

Now, let n ~ 1. Since

(2.3)

(2.4)

it follows that
gix»O

for x>O,

for x>O.

this implies that

Let gbe a positive number at which gn(x) possesses its maximum in [0, OCJ).
Then by differentiating (2.3), we have

Sn'(g) _ -f
Sn2(g) - e .

Because of
Sn'(x) = Sn-l(X),

(gn(g) + e-f )2 = e-f(gn_l(g) + e- f).

Taking square roots, we derive that

o~ gig) = e-f{[1 +gn_l(g)e f
]1/2 -I}

< e-L!gn_l(g)e f
= !gn-l(g).

Therefore,
o~ gn(x) < t max gn-I(X)

O~t<oo

Thus, as
max Igo(x)! = I,
o~x<'"

then (2.4) follows by induction.

LEMMA 2. For any integer n ~ 0, we have

for all x ~ o. (2.5)

Q.E.D.

max I, e-
an

- e-x / ::;~,
O~x<", Sn(x - IXn) - (2e )

IX being the real solution of(1.7),

(2.6)
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Proof. We shall prove that

holds not only for x ;:;; 0, but even for x ;:;; -an. Then, putting

x = t-lXn,

it follows that

I
1 -(t-ocn>1 18

n
(t _ IXn) - e <: 2'i for all t ;:;; 0,

which gives (2.6).
To prove the above reduced proposition, let n ;:;; 1. Writing

53

we see thatforO < y <: an < n + 1, the above series is an alternating series whose
terms decrease in modulus monotonically to zero. This gives us that

and

n+l
-y 8 ( ) -)1, Ye < n -y < e T -(n-=-+-l-)! ' n even, (2.7)

n+l
-y y 8 ( ) -)1 dd (2 8)e - (n + 1)! < n -Y < e, no, .

for 0 < Y <: IXn. To obtain a (positive) lower bound for the left side of (2.8) for
o< Y <: IXn, we observe that

_ yn+l _ (IXn)n+l nn+l {'(n + I)! e-OC
" }e y - -- :;;. e ocn _ = _ /X,,+l

(n + 1)! "" (n + I)! (n + I)! nn+l

nn+l e-(l+oc>n _
> (n + I)! {J21Tn - 1X{lXe1+",)n},

the last inequality following from Stirling's inequality. But since

1
lXeoc+1 =­

2eoc

from (l.?), and

for all n;;:. I, then

for all n;;:. 1, 0< y <: IXn. (2.9)
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The inequalities (2.8), (2.9) imply for odd n that

I 1
o< S (_ ) - eY < n+l - eY

n y e-Y-~Y--
(n + 1)1

Consequently,

for n odd,
1 1

0< Sn(-Y) - e
Y

< 2'i

For n even, one similarly arrives at

1 y n+1

0> Sn(-Y) - e
Y

> - (n + 1)1 e
2y

O<y ~ IXn. (2.10)

IX
>-­2n '

Consequently

1 1
0>-- - eY > - - for n even, 0 < Y .;;; IXn,

Sn(-Y) 2n

and (2.10) and (2.11) imply the desired inequality (2.6)

Lemma 2 directly gives us

THEOREM 1. For any integer n ~ 0, we have

1o< -'n.n ~ -'n-l,n ~ ••• ~ -'0, n ~ (2 e",)n '

where IX is the solution of(1.7).

(2.11)

Q.E.D.

(2.12)

COROLLARY. Let {m(n)}:=o be any sequence ofnonnegative integers such that
0.;;; m(n) .;;; nfor each n ;;. O. Then,

lim (-'m(n),n)l/n .;;; e
2
-

IX

= 0.43501 ....
n""?'"

(2.13)
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2. Now, we want to show that at least in the case m = 0, the speed of
convergence of the sequence ~m.n is not greater than geometric. Again, we need
two lemmas. First, we introduce the quantity

K/I = min ( max IPix) - eX1 }.
P.E11. O<;;x<;;2n/J

(2.14)

LEMMA 3. Suppose that there exists a sequence ofpolynomials {Qn(x)}::,=o with
Qn(x) E 7rn for all n ;;;. 0, a real number q ;;;. 2, and an integer no such that

IQn~xj - e-x);;;; ~ for all x ~ 0 andlor all n ~ no. (2.15)

Then,

for n ~ no. (2.16)

Proof. First, observe that e2/J < 2. Then, from (2.15), it follows for
o;;:;; x ;;:;; in, n > no, that

and therefore

Thus,

forO;;:;; x;;:;; in,

from which (2.16) is evident.

LEMMA 4. For any integer n ~ 0,

en/J nn+l
Kn > 3'6/1(n +1).'

Proof. Writing

we see that

Q.E.D.

(2.17)
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For t E [-1, +1], we have the representation

en
(t+1)/3 = en/3 (10 (j) + 2ZIy(j) Ty(t)).

Here, Ty(t) denotes the v-th-Chebyshev polynomial of the first kind and

= ~ (zj2)2/'+y
Iy(z) - L '( )'

/'=0 p,. v + P, •

is the Bessel function of order v with so-called purely imaginary argument.
Obviously,

Iix) > 0 for x> O.

By a theorem of Hornecker (cf. [4], Theorem 66), then

K n ;;; 2 en
/
3~ I(2./,+1)(n+ 1) (~) •

Since

it follows that

(
n) enl3 nn+1

[(,. > 2e
n
/
3

In+1 3 > 3 ·6n(n + I)!'

which establishes (2.17).

Now, we are able to prove

THEOREM 2. For the quantity 0'1 defined in (104), we have

Proof. By Theorem 1, we know already

For every number q with
1 1

0'1 < -<2'q

Q.E.D.

(2.18)

(2.19)

there exists, by the definition of a\> a sequence of polynomials Qn(x) and an
integer no such that the assumptions of Lemma 3 are satisfied. Combining
(2.16) and (2.17) we see that for all n ;;; no, the inequality
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must hold. Using Stirling's formula, i.e.,

nk J27Tn nn e-n(1 + 4~)'

leads to

gn < (e213)n + 3 [(n: 1) 6nJ27Tn] (1 + 4~)'
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Thus, as e2l3 < 2, it is clear that the above inequality is valid for all n~ no
only if

q~ 6.

Since q is an arbitrary number which has only to satisfy the inequalities (2.19),
it is obvious that

Q.E.D.

t > 0,

3. ApPLICATIONS TO HEAT-CONDUCTION PROBLEMS

We begin with the matrix differential equation

dc(t)
B (it = -Ac(t) + g,

subject to the initial condition

c(O) = c.

(3.1)

(3.2)

Here, A and B are assumed to be commuting Hermitian and positive definite
N x Nmatrices, and C= (CI> C2, ..., CN)T. The solution c(t) of(3.l)-(3.2) can be
verified to be

c(t) = A-I g + exp (-tB-I A){c - A-I g}, for all t;;;. O. (3.3)

For any fixed nonnegative integers m and n with 0.;;; m.;;; n, let rm,n(x)=
Pm,n(x)/qm,n(x) denote the (m,n)-th Chebyshev rational approximation of
e-X in [0, +00), i.e.,

sup !rm,n(x) - e-X
! = Am,m

o::::;;x< 00

(3.4)

where Am,n is defined in (1.2). Then, we define the (m,n)-th Chebyshev approxi­
mation cm,n(t) of c(t) in (3.3), by

cm,n(t) = A-I g +rm,nCtB- I A){c - A-I g}, for all t;;;. 0, (3.5)

where rm,n(tB-I A) is the matrix formally given by

(qm,n(tB-I A))-I'(Pm,n(tB-I A)).
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From (3.3) and (3.5), we have

em.n{t) - e(t) = (fm,n{tB- I A) - exp (-tB- I A»){c - A-I g}, t;;;> O. (3.6)

We now associate with the positive definite Hermitian matrix B of(3.1), the
particular vector norm

Ilelli == e*Be = liB1/2 ejl/, where Ilvll/ == v* .v. (3.7)

For any N x N matrix D, the induced operator norm of D is then

liD liB == sup IIDxllB = IIB I /2 DB-1/2 112 == sup IIBI/2 DB-
1/2 x llz.

x"e 0 IlxilB x"e 0 Ilxllz

Using the facts that A and B are commuting Hermitian matrices, and the poly­
nomials Pm.n(x) and i}m,n(x) are both real, we can write

= max Jfm.n{tAi) - e-tAI I,
l"'i",N

for all t;;;> 0,

where {Ai}f=1 denote the positive eigenvalues of B-1 A. But as tAi E [0, +00) for
any nonnegative t and any eigenvalue Ai> we evidently have from (3.4) that

for all t;;;> O.

Thus, taking norms in (3.6), gives us the global error bound

for all t;;;> O. (3.9)

To indicate how the inequality (3.9) can be used in the numerical solution of
parabolic partial differential equations, we consider here the solution u(x, t) of
the simple one-dimensional heat-conduction problem

ou(x, t) 02u(x, t) ()
-o-t- = ox2 +r x,

subject to the boundary conditions

u(O, t) = u(1, t) = 0,

and the initial condition

u(x, 0) = u(x),

O<x< 1,

for all t >0,

0,,;;:; x,,;;:; 1,

t>O, (3.10)

(3.11)

(3.12)

where rex) and u(x) are given real functions on [0,1]. We remark that similar
applications are valid in higher dimensions.
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For any fixed positive integer N, let h = I/(N + 1), and let {w;(x)}f=1 be the
piecewise-linear functions defined by

(

1 - (x ~ ~h) , ih ~ x ~ (i + 1) h, I
Wt(x) = (X-lh). , j ,1+ -h-' (l-l)h~x~lh,

0, x¢: [(i - l)h,(i + l)h]

(3.13)

The set S ofall real linear combinations of the w;(x)'s is known in the literature
as an Hermite space (cf. [2], §6). All functions of S vanish at the endpoints of
[0,1].

The semi-discrete Galerkin approximation (cf. [6])

N

w(x, t) == L clt) W; (x),
i=l

t;;;. 0, (3.14)

of the solution u(x,t) of (3,10)-(3.12), is determined by solving the matrix
differential equation (3.1)-(3.2) for the functions c;(t), 1 ~ i ~ N, where the
matrices B = (b l ,}) and A = (a;,}) have their entries explicitly defined by

bl,} = f~ wl(x)wix)dx; a;,} = f~ w;'(x)w/(x)dx, 1~ i,j ~ N, (3.15)

and where the vector g of (3.1) has components g; defined by

gl = f~ r(x)wl(x)dx, (3.16)

The vector cof (3,2) is determined from the coefficients of the best L2-approxi­
mation in S of ii(x) of (3.12), i.e.,

inf llii - slb[o,l] = llii(X) - ~ c, W;(X)II. (3.
seS 1=1 L2[O,1]

From (3.15), it can be verified that A and B are commuting real tridiagonal
symmetric positive definite matrices, so that the inequality of(3.9) is applicable.

Based on energy-type inequalities, it can be deduced from [6], Theorem 1,
that for rex) of (3.10) and ii(x) of (3.12) sufficiently smooth, there exists a
constant K, independent of hand t, such that

Ilw(', t) - u(', t)lb[o.l] ~ Kh2
, for all t;;;. O. (3.18)

On the other hand, for any 0 ~ m ~ n,define the (m,n)th Chebyshev-Galerkin
approximation of the solution of (3.10)-(3.12), as

N

wm,ix,1) == L cm.n.;(t) wt(x),
,~l

(3.19)
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where the functions cm,n,;(t) are the components of the vector cm,it) of (3.5).
Now, using the definitions of (3.7) and (3.15), we verify that

IIwm,n<', t) - w(', t)IIL2[0,1] == f: t~ (cm,n,;(t) - C;(t»Wi(X)f dx

= IIcm,n(t) - c(t)lli. (3.20)
Hence, from (3.9), we have

Ilwm,n(', t) - w(', t)IIL2[0,1] <; Am,nlle - A-I gliB, for all t;;. O. (3.21)

Thus, combining (3.18) and (3.21) gives

Ilwm.n(·, t) - u(', t)IIL2[0.1] <; Kh2 + Am,nlle - A-I gliB' for all t;;. O. (3.22)

The point ofthis global error analysis is that wm,n(x, t) can be calculated for any
t ;;. 0 in just one step, in contrast with standard difference methods which
arrive at an approximation for u(x,mLlt) only after all intermediate approxi­
mations of u(x,jLlt), I <;j <; m, are computed.

We also remark that the difficult part in determining cm,n(t) of (3.5) consists
of solving the linear system ofequations:

i}m,itB- I A) (cm,n(t) - A-I g) = Pm,n(tB- I A)(e - A-I q). (3.23)

SincePm,n(tB -I A) enters into the computation ofcm.n(t) only as a matrix factor,
there is little to be gained computationally by choosing m < n in (3.5). For this
basic reason, we were initially interested in the values of An,m as in [7].

4. THE CONSTANTS An,n AND Ao,n

In this section, we give the explicit values of Ao.n, 0 <; n <; 9, in Table I, and of
An,m 0 <; n <; 14, in Table II. These numbers (and the associated rational func­
tions fn,ix» were determined by using a Remez-type algorithm ([9], p. 173).
The actual algorithm used is fully described in Cody, Fraser, and Hart [3].

TABLE!

n Ao,n

0 5.000(-01)
1 9.357 (-02)
2 2.307 (-02)
3 6.353 (-03)
4 1.848 (-03)
5 5.553 (-04)
6 1.703 (-04)
7 5.294 (-05)
8 1.663 (-05)
9 5.264(-06)
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TABLBII

n A•••

o 5.000(-01)
1 6.685 (-02)
2 7.359 (-03)
3 7.994 (-04)
4 8.653 (-05)
5 9.346 (-06)
6 1.008 (-06)
7 1.087 (-07)
8 1.172 (-08)
9 1.263 (-09)

10 1.361 (-10)
11 1.466 (-11)
12 1.579 (-12)
13 1.701 (-13)
14 1.832 (-14)
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The following functions rn,n(x), 0 ~ n ~ 14, constitute a partial Walsh Table
(cf. [4], p. 162) for Chebyshev rational approximations of e-X in [0, +00).

TABLE III

e-
X ~ l~oPIXI /I~ qjX

I
, o.;;X<oo

******************************************************************************
j PI ql

******************************************************************************
n=1

*****************************************************************************'~

o 1.0669 (00) 1.0000 ( 00)
1 -1.1535 (-01) 1.7275 ( 00)

******************************************************************************
n=2

******************************************************************************
o 9.92641 (-01) 1.00000 ( 00)
1 -1.88332 (-01) 6.69295 (-01)
2 4.21096 (-03) 5.72258 (-'01)

******************************************************************************
n=3

******************************************************************************
o 1.00079 9 ( 00) 1.00000 0 ( 00)
1 -2.236578 (-01) 7.982923 (-01)
2 1.249962 (-02) 2.20411 5 (-01)
3 -9.98100 9 (-05) 1.248580 (-01)

******************************************************************************
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TABLE III-continued

******************************************************************************

******************************************************************************
n=4

******************************************************************************
o
1
2
3
4

9.99913 47
-2.4025373

1.8400509
-4.4981230

1.6765142

(-01)
(-01)
(-02)
(-04)
(-06)

oo00סס1.0

7.5668322
2.9175468
4.5750212
1.9376980

( 00)
(-01)
(-01)
(-02)
(-02)

******************************************************************************
n=5

******************************************************************************
o
1
2
3
4
5

oo935סס1.0

-2.50230 902
2~24805 919

-8.33629264
1.07797622

-2.19125327

( 00)
(-01)
(-02)
(-04)
(-05)
(-08)

oo000סס1.0

7.50174555
2.69910157
6.76687392
6.93457968
2.34468866

( 00)
(-01)
(-01)
(-02)
(-03)
(-03)

******************************************************************************
n=6

******************************************************************************
0 9.99998991 (-01) OO0000סס.1 ( 00)
1 -2.56774 988 (-01) 7.43173208 (-01)
2 2.53896499 (-02) 2.68982436 (-01)
3 -1.17690441 (-03) 6.15930326 (-02)
4 2.48209105 (-05) 1.13649362 (-02)
5 -1.90699255 (-07) 8.25674222 (-04)
6 2.34264 503 (-10) 2.32303566 (-04)

******************************************************************************
n=7

******************************************************************************

0 ooסס1.0 0109 ( 00) 1.00000 0000 ( 00)
1 -2.61399 8104 (-01) 7.38606 6424 (-01)
2 2.754893180 (-02) 2.66094 7238 (-01)
3 -1.46758 9943 (-03) 6.22100 6831 (-02)
4 4.06054 4787 (-05) 1.02296 0372 (-02)
5 -5.370676308 (-07) 1.48784 8134 (-03)
6 2.65391 0891 (-09) 8.08876 9796 (-OS)
7 -2.11893 3743 (-12) 1.94833 4848 (-05)

******************************************************************************
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TABLE III~contjnued
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******************************************************************************

Pi

******************************************************************************
n=8

******************************************************************************
o
1
2
3
4
5
6
7
8

9.99999 98828
-2.6483406521

2.92069 90785
-1.7107669530

5.6307621623
-1.0147731374

9.00129 46140
-3.0312244065

1.66078 92788

(-01)
(-01)
(-02)
(-03)
(-05)
(-06)
(-09)
(-11)
(-14)

1.00000 00000
7.3516514516
2.64380 63240
6.1718804886
1.05208 36925
1.3283462347
1.5910392054
6.7270200039
1.4167726615

( 00)
(-01)
(-01)
(-02)
(-02)
(-03)
(-04)
(-06)
(-06)

******************************************************************************
n=9

******************************************************************************
0 ooסס1.0 00012 6 ( 00) 1.00000 ooסס0 0 ( 00)
1 -2.67485 66991 9 (-01) 7.32514425277 (-01)
2 3.05175 28366 6 (-02) 2.63030 80259 5 (-01)
3 -1.91477 63922 5 (-03) 6.15308 528374 (-02)
4 7.11036342529 (-05) 1.04926248194 (-02)
5 -1.56780 17352 5 (-06) 1.39500 66714 0 (-03)
6 1.95356 66646 4 (-08) 1.41160606892 (-04)
7 -1.22095569141 (-10) 1.4351407391 1 (-05)
8 2.92870 66373 4 (-13) 4.85965 89227 3 (-07)
9 -1.14850 40902 2 (-16) 9.09160466590 (-08)

******************************************************************************
n= 10

******************************************************************************
0 9.999999998639 (-01) oo00ססoo0סס1.0 ( 00)
1 -2.695935538219 (-01) 7.304064348333 (-01)
2 3.15778 64047 17 (-02) 2.619844511628 (-01)
3 -2.087230287556 (-03) 6.135987852481 (-02)
4 8.469462611579 (-05) 1.0522225667 19 (-02)
5 -2.152957893424 (-06) 1.400441832430 (-03)
6 3.359540105285 (-08) 1.51629 42863 89 (...,04)
7 -3.024379165793 (-10) 1.26706 04218 95 (-05)
8 1.38351 22001 13 (-12) 1.117985726664 (...,06)
9 -2.44794 47827 24 (-15) 3.102408125045 (-D8)

10 7.105957443307 (-19) 5.22077 71857 74 (-09)

******************************************************************************
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TABLE III-continued

******************************************************************************
i PI ql

******************************************************************************
n= 11

******************************************************************************
o oo147סס1.000000 ( 00) oo000ססoo00סס.1 ( 00)
1 -2.7130869737149 (-01) 7.28691 30396820 (-01)
2 3.2452583980923 (-02) 2.6114386818246 (-01)
3 -2.2343438385867 (-03) 6.1230652273991 (-02)
4 9.7032753192328 (-05) 1.05372 96909746 (-02)
5 -2.7417669166461 (-06) 1.4150145103337 (-03)
6 5.0236265041453 (-08) 1.53331 52911 587 (-04)
7 -5.7754991658630 (-10) 1.3934862063194 (-05)
8 3.8861942441125 (-12) 9.8315736139162 (-07)
9 -1.3413312302919 (-14) 7.6577419206722 (-08)

10 1.8009807948555 (-17) 1.7740034787683 (-09)
11 -3.9776294455404 (-21) 2.7128051110139 (-10)

******************************************************************************
n = 12

******************************************************************************
o 9.99999999998420 (-01) 1.00000 00000 0000 ( 00)
1 -2.72732010381007 (-01) 7.27267989462094 (-01)
2 3.31862748878945 (-02) 2.60454266874069 (-01)
3 -2.36102860933434 (-03) 6.11258943974162 (-02)
4 1.08182047214783 (-04) 1.05516595641775 (-02)
5 -3.31706704552847 (-06) 1.42483770484151 (-03)
6 6.85640066472736 (-08) 1.56277 80799 5398 (-04)
7 -9.40255674650549 (-10) 1.41984908194392 (-05)
8 8.21592178522494 (-12) 1.10762177820598 (-06)
9 -4.24605372941828 (-14) 6.71223492994341 (-08)

10 1.13357453225507 (-16) 4.67724663200848 (-09)
11 -1.18241932729819 (-19) 9.18591910070282 (-11)
12 2.03287742523846 (-23) 1.28708777575584 (-11)

*******************************************************************************
n= 13

*******************************************************************************
o 1.00000 ooסס0 00170 (00) 1.00000 00000 ooסס0 ( 00)
1 -2.739314032102750 (-01) 7.260685968079845 (-01)
2 3.381011641046875 (-02) 2.598787129003795 (-01)
3 -2.471069318770823 (-03) 6.10400 14004 83738 (-02)
4 1.182461339791637 (-04) 1.056366214946976 (-02)
5 -3.869175693266464 (-06) 1.433396498147585 (-03)
6 8.784673485471303 (-08) 1.583680794313270 (-04)
7 -1.376678957647893 (-09) 1.460945210319625 (-05)
8 1.454609363079049 (-11) 1.137269821971446 (-06)
9 -9.90411 24433 78351 (-14) 7.748287423893217 (-08)

10 4.020148351552472 (-16) 4.08864 7564162874 (-09)
11 -8.475382486761699 (-19) 2.576669260640894 (-10)
12 7.005053668034527 (-22) 4.345519072416265 (-12)
13 -9.55806 72950 74149 (-26) 5.6185205844 48164 (-13)

*******************************************************************************
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******************************************************************************
~ ~

******************************************************************************
n= 14

******************************************************************************
o
1
2
3
4
5
6
7
8
9

10
11
12
13
14

9.9999999999998168
-2.749560429630004 3

3.4346984175671475
-2.567443981902861 8

1.273407071523318 1
-4.39328 08492 51123 6

1.075320205448522 7
-1.8710255961089453

2.2849515765300155
-1.9038640942 83534 5

1.03101 51365 35049 5
-3.3490280333 66753 3

5.67438 25539 52350 1
-3.7794523874503295

4.160982664237661 3

(-01)
(-01)
(-02)
(-03)
(-04)
(-06)
(-07)
(-09)
(-11)
(-13)
(-15)
(-18)
(-21)
(-24)
(-28)

1.00000 00000 oo0סס 0
7.2504395703488666
2.593909412501801 2
6.09681 8512728359 5
1.0574049161 691156
1.44055 27154 58731 6
1.60192 11440612190
1.49082 34724 80024 2
1.1820291576355772
8.0163997982357503
4.8361800878648281
2.24720 30400 42852 9
1.29228 02705 79277 9
1.892183885402244 9
2.2710680218 89129 5

( 00)
(-01)
(-01)
(-02)
(-02)
(-03)
(-04)
(-05)
(-06)
(-08)
(-09)
(-10)
(-11)
(-13)
(-14)

***********************************************************.*•••*•••••**.**.**
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